Abstract. We study regions where the populations do not fully reproduce themselves but depend on immigration to keep up the population size. We also study regions with a reproductive surplus that leads to migration. We will see that different demographic scenarios can give similar genetic data. Applications are given to some issues on archaic humans and bottlenecks in human populations.
Introduction
In this paper we will make a theoretical study of regions where the populations do not fully reproduce themselves and regions with a reproductive surplus. First we will consider regions where the populations do not fully reproduce themselves but depend on immigration to keep up the population size. We will see, in section 2 below, that the genetic material, that is neutral to selection, of a population in such a region will disappear fast with time. The disappearance is faster than the disappearance caused by genetic drift. These facts have several implications for the following reason: Many different demographic scenarios can give similar genetic data.
In section 3 below, we give examples of regions, which depend on immigration to keep up the population size. A common feature in Examples 3.1-3.4 is that the living conditions in the regions vary over time. Example 3.5 is different.
In section 4 we will discuss some observed phaenomena with sections 2 and 3 as background. One is the absence of Neandertal and Denisovan mtDNA and the absence of much of the nuclear DNA from Neandertals and Denisovans in today's human population. Another is the observed fact that East Asians have more Neandertal genes than Europeans.
In section 5, which is the largest and most elaborated one, we continue our theoretical study. We will consider a large number of regions, say n, where region 1 has a reproductive surplus, the regions 2 to (n − 1) are reproductively neutral -i.e. on average every individual has one male and one female offspring -and region n has a reproductive deficit. We assume that (in each generation) this leads to some migration from region m to region (m + 1), 1 < m < n. We will see, that over time, (selectively neutral) genes from region 1 will dominate in all n regions. We will also see that the end result is the same whether initially, only region 1 is populated or, initially, all n regions are populated. Thus, a scenario with a population bottleneck can genetically look similar to a scenario without a bottleneck.
We give, by means of numerical examples with n = 10, 100 or 200, quantitative estimates how fast this actually happens. We also give quantitative estimates for the length of transition period in region m, that is, the period when (selectively neutral) genes from region 1, make up between 1% and 99% of the (selectively neutral) genes in region m. With this theoretical study as background we will discuss some issues on migration out of Africa into Europe and Asia. In section 6 we discuss a few directions to continue this theoretical study.
The concept of regions where the populations do not fully reproduce themselves, but depend on immigration to keep up the population size, was introduced in Enflo et. al. [1] . It was, at that time (the year 2001), used in an attempt to reconcile the evidence of Neandertal ancestry in today's human population (presented, e.g., in Duarte et al. [3] , Zilhao and Trinkaus [11] and Frayer [4] ) with the genetic information (see, e.g., Krings et al. [6] ) indicating that there is no Neandertal mtDNA in today's human population, and that (in 2001) there was little evidence of any Neandertal DNA in today's human population.
2.
The disappearance of genes in a region where the population does not fully reproduce itself
If, in region (on average) in every generation every female has (1 − ǫ) fertile female offspring, with 0 < ǫ < 1, and the number of females in the region is kept up by immigration, then, after one generation, only (1 − ǫ) of the original mtDNA, carried by females, remains in the region. After two generations -assuming that, in every generation, the fertility of the immigrants and the fertility of the admixture between immigrants and local population is the same as that of the original local population -only (1 − ǫ) 2 of the original mtDNA, carried by females, is left. And after n generations, only (2.1)
(1 − ǫ) n of the original mtDNA, carried by females, is left. The estimate (2.1) is valid, regardless of the amount of mating between immigrants and local population. Thus, in particular, it is valid whether there is random mating and reproduction or no mating between immigrants and local population. Obviously, in the last case, in every generation, for every individual in the region, the individual will either carry only genes from the original local population or carry only genes from the immigrants.
The same estimate, as for mtDNA, holds for nuclear genes, neutral to natural selection. So, if in a region (on average) every individual has (1 − ǫ) fertile male offspring and (1 − ǫ) fertile female offspring, then, after one generation, the amount of nuclear genes, neutral to natural selection is (1 − ǫ) times the original one. After two generations -assuming that the fertility of the immigrants and the fertility of the admixture between immigrants and local population is the same as that of the original local population -only (1 − ǫ) 2 of the original nuclear genes, neutral to natural selection, remain in the region. And after n generations (2.2)
(1 − ǫ) n of the original nuclear genes, neutral to natural selection, remain in the region. And, finally, we have the same estimates for the genes in the Y-chromosome.
Remark 2.1. Under the conditions above, the disappearance of selectively neutral genes from the original local population is analogous to the following situation: Consider a bottle with a unit of some fluid (not water). Assume that the bottle is leaking ǫ units of fluid per unit of time and it is replenished with water to keep it full. If the proportions of (original) fluid and water, that is leaking out are the same as in the bottle, then, after n time units, e −ǫn , e −ǫ ≈ 1 − ǫ, units of the (original fluid) remains in the bottle. And this estimate is independent of how much or how little the (original) fluid and the water mix with each other.
We now give a numerical example on the effect of the estimates (2.1) and (2.2). We will assume that one generation is 23 years.
Example 2.2. Consider a region that is initially populated by 100,000 males and 100,000 females. Assume that in the region, on average, every male and every female will have 0.98 male offspring and 0.98 female offspring. Assume that the population size is kept up by immigration. Then, by estimate (2.1), after n generations, 0.98 n of the original mtDNA remains in the region. That is, after 35 generations (approximately 800 years) half of the original mtDNA remains. And after 350 generations (approximately 8,000 years) less than 0.001 of the original mtDNA remains. After 15,000 years, with more than 99% probability, one cannot find a single individual with mtDNA from the original population. This holds, independently of how much or little interbreeding there is between immigrants and local population.
Remark 2.3. We may think of Example 2.2 as mimicking a situation where the initial people in the region are Neandertals or Denisovans and the immigrants are Modern Humans. Now, recent findings (see references [8] and [9] ) suggest that there may have been lower fertility in male admixtures between, on the one hand Neandertals or Denisovans, and on the other hand Modern Humans. [8] and [9] suggest that this can be caused by male hybrid sterility genes in the X-chromosome. Since male hybrid sterility genes will only survive in female offsprings, such genes in a local population will disappear fast in a region, that is constantly replenished with X-chromosomes from immigrants, which do not carry these male hybrid sterility genes. So, for this situation, the disappearance of selectively neutral genes of a local population will be at least as fast as the estimates (2.1) and (2.2) above.
Remark 2.4. In a population, not all genetic material will be passed on from one generation to the next. This disappearance of genes, known as "genetic drift" is, however, much slower than the disappearance given by (2.1) and (2.2) above. The disappearance given by (2.1) and (2.2) is exponential in time, whereas the disappearance by genetic drift is linear in time. For more details about genetic drift we refer the reader to [5, chapters 5 and 7] . Remark 2.5. If a small population in a region mixes with a much larger population in the region then a randomly chosen gene from the region will very likely come from the large population. This holds, independently of the amount of interbreeding between the populations. In a small sample of genes, it is likely that they will all come from the larger population, but it is unlikely in a large sample. For instance, if the larger population is 100 times as big as the small population then, for a sample of 100 genes, the probability that they will all come from the large population is (100/101) 100 ≈ 1/e ≈ 0.37. However, in a sample of 1, 000 genes, the probability that they will all come from the large population is less than 0.0001. Remark 2.6. Genes for which there is a selective advantage may survive in a region where the population does not fully reproduce itself. Obviously, this can only happen if there is some interbreeding between immigrants and local population. The bigger the reproductive disadvantage of the region is, the bigger selective advantage is needed.
Examples of regions where the population does not reproduce itself
Regions with fluctuating living conditions are often examples of regions where the populations do not fully reproduce themselves. This is due to the fact that, in bad times, the population size will go down (mostly by deaths and lower reproductivity). And, in good times, the population size will go up again, not just by increased reproductivity but also by immigration. Examples 3.1, 3.2 and 3.3 are such examples.
Example 3.1. Cities, both modern and ancient, are examples of regions where populations often do not reproduce themselves. Cities are usually good places to live, and people move into them. However, sometimes, there are bad events (such as epidemics or fires) which make the population size go down. After the bad event, the population size is restored, not just by increased reproductivity, but also by immigration.
Example 3.2. Assume that in a region, every five generations (115 years) there is a bad event (like a very long winter) which kills 20% of the population. Assume that after the bad event the population is restored, 10% by increased reproduction and 10% by immigration. Then, the disappearance of mtDNA or genes neutral to natural selection will be the same as in Example 2.2 above.
Example 3.3. Assume that (because of uneven supply of food) the carrying capacity of a region has a maximum of 10,000 people and a minimum of 5,000 people in every period of 150 years. Assume that there is no emigration out of the region. Assume that every time the population increases from 5,000 to 10,000, 2,000 is due to increased reproductivity and 3,000 is due to immigration. If the region has initially 10,000 people then, after 150 years, only 70% of the original mtDNA remains in the region and after 300 years less than 50% of it remains in the region. After 3,000 years, less than 0.1% of the original mtDNA remains in the region, and after 6,000 years, with more than 99% probability, one cannot find one single individual with mtDNA from the original population.
Example 3.4. There is evidence that Europe in the last 60,000 years has been a region with fluctuating living conditions and that population size in the good periods has partly been restored by immigration. Following the work in [7] , there was a population contraction in the period 40,000-35,000 years BP, and something similar around the glacial maximum, in the period around 18,000 years BP, long after the Neandertals had disappeared. Besides these big fluctuations, there has likely been many smaller fluctuations.
Example 3.5. In a big part of the industrialized world today, the population does not reproduce itself but is dependent on immigration to keep up the population size. There is a big area where, on average, every individual has no more than 1.6 children.
Some remarks on archaic humans
In the last decades there has been an explosion of new genetic information about archaic humans and their relationships to each other and to modern humans. In this section we remark on how some of this relates to the considerations in sections 2 and 3 above. We will now show that, assuming that (in the last 100,000 years) living conditions have been most stable in Africa, less stable in Asia and least stable in Europe then, Remarks 4.1, 4.2, and 4.3 can be natural consequences of the considerations from sections 2 and 3 above. [2] , that most of today's European gene pool is of Neolithic origin. Thus, at that time, there was immigration into Europe. We believe that the most important factor for the reproductive surplus outside of Europe was the change of life style that came with the Neolithic era.
Model of genetic flow from a small, reproductively advantageous region, into a much larger region. Applications to issues on bottlenecks in human populations and to issues on Neandertals
In this section we will only consider genes neutral to natural selection. In the previous sections we have considered what happens in a region that is reproductively disadvantageous, and where there is immigration into the region to keep up the population size. We have seen, by (1) and (2) above, that genetic material in the region will disappear fast. In this section we will study a different and somewhat more complicated situation. We will have a region with a reproductive surplus that leads to migration. We will see that even if that region is fairly small and the reproductive surplus is fairly modest, over time, genes from that region will dominate much larger areas.
Consider n regions R(1), R(2), . . . , R(n), with initial population sizes (= amount of genes) p(1), p(2), . . . , p(n). We assume that R(1) has a reproductive surplus. On average, every individual in R(1) has 1 + r male offspring and 1 + r female offspring, 0 < r <1. We assume that R(2), R(3), . . . , R(n − 1) are reproductively neutral, that is, in each of these regions, on average, every individual has one male offspring and one female offspring. We assume that R(n) is reproductively disadvantageous, that is, in R(n), on average, every individual has 1 − r male offspring and 1 − r female offspring. We assume that in every generation, the proportion r of the population in R(m) migrates to R(m + 1). We assume that in every generation and that the probability for a gene to reproduce and the probability for a gene to travel from R(m) to R(m + 1) is independent of where the gene originally came from.
Remark 5.1. The assumptions made in the previous paragraph can be fulfilled, whether or not, in any generation, there is no mating, some mating and reproduction, random mating and reproduction between individuals who have migrated from R(m) to R(m + 1) and those who were already in R(m + 1). The assumptions will not be fulfilled if admixtures between individuals from different regions have lower fertility. Considerations like those in section 2 above suggest that the takeover of genes from R(1) will be at least as large as in that case.
Under the assumptions considered just before Remark 5.1, the change in genetic material from one generation to the next is given by the n × n transition matrix M (r) given by
The entry ij in M (r) represents the proportion of genes in R(j) which migrate to R(i) in one generation. The entry jj is the proportion of genes in R(j) which stay in R(j). The entry ij in the matrix M (r) k is the proportion of genes from R(j) which travel to R(i) in k generations.
The column m, 1 < m < n, in M (r) adds up to 1, which represents the reproductive neutrality of R(m). The first column in M (r) adds up to 1+r and the last column to 1−r, which represents the reproductive advantage of R(1) and the reproductive disadvantage of R(n).
To study the amount of genes in each region after 1 generation we multiply M (r) by the column
. . .
Thus, after 1 generation, R(1) has p(1) genes which all originated in R(1). R(2) has rp(1) + (1 − r)p(2) genes, of which rp(1) originated in R(1) and (1 − r)p(2) originated in R(2), and so on. It is easy to verify (both theoretically and numerically) that if we repeat this process, that is, multiply the matrix M (r) k by the column P (0) we will get, in the limit as k tends to infinity, the column
, that is, in the limit, every region has the amount p(1) of genes, and all genes come from R(1). Thus, by the previous comment, no matter what the initial population sizes are in the regions R(2), R(3), . . . , R(n), the final result given above is the same.
We will now study, in 2 scenarios, how fast is the convergence to the limit situation. Scenario 1 is the "bottleneck" scenario where initially only R(1) is populated. So p(1) = 0 and p(2) = p(3) = . . . = p(n) = 0. In Scenario 2, all n regions are initially populated with the same population size (same amount of genes) in each region. Thus, p(1) = p(2) = . . . = p(n).
In Scenario 1, the total amount of genes will grow to the limit case when there is p(1) genes in each region, all coming from R(1). In Scenario 2 the total amount of genes in each region will remain constant over the generations. The total amount of genes from R(1) in all regions together after k generations is, for all k, the same in Scenario 1 and Scenario 2.
In Table 1 we set n = 200 and r= 0.1.
Generations
Number of regions where genes from regions 1-4 make up > 0.99p (1) Comments on Table 1 . Table 1 shows that, after 2,300 generations (2, 300×23 years = 52, 900 years), there is more than 0.99p(1) genes from R(1) in each of the 200 regions. This is the same, whether there is a bottleneck or the population size in each region is constant over time. We can think of this as mimicking a situation where R(1) is somewhere in Africa. Migration goes north to the Middle East, and then either east into Asia or west into Europe. In each generation 90% of the population stays and 10% migrate a distance of 50 -80 km. The migration span between R(1) and R(200) will then be between 10, 000 km. and 16, 000 km.
Next, in Table 2 , we will consider a shorter time perspective with 44 generations (approximately 1, 000 years), n = 10, 20 and 40 and r = 0.3, 0.4, and 0.5.
Regions
Number of regions where genes from region 1 make up > 0.99p (1) Comments on Table 2 . It seems natural that if one considers a short time perspective, then both migration distances per generation and reproductive differences between regions are bigger than if one considers a long time perspective. Table 2 indicates that with 10 regions, already with a reproductive surplus of r = 0.3, (on average 2.6 children per individual) in the first region, there is, over 1, 000 years, little difference between the bottleneck case and the case where the population size remains constant in each region. Under the same assumptions as above, we will now make some numerical studies to estimate how long it takes for genes from R(1) to dominate a region, once they have started to enter the region. Put p(1) = K. Assume that p(2) = p(3) = . . . = p(n) = K (although the amount of genes in R(m) which originally come from R(1) is independent of this assumption). Then the total amount of genes in the region R(m) will remain constant = K over time. We define the transition period of R(m) as the timespan when the amount of genetic material in R(m) coming from R(1) is at least 0.01K but not more than 0.99K.
In Table 3 below we have n = 100 and r = 0.1. Also, g is the number of generations it takes to have 0.01K of the genetic material in R(m) coming from R(1) and h is the number of generations it takes to have 0.99K of the genetic material in R(m) coming from R(1). The lentgh of the transition period is (h − g) generations. This is multiplied by 23 and rounded off to the nearest 100 to get the transition period in years. Table 3 . Results with n = 100 and r = 0.1. Thus we consider the transition matrix M (0.1) with n = 100. Here h and g stand for the number of generations required to reach 1% and 99%, respectively, of the genetic material inherited from the first region. The average number of years per generation we consider is 23
Comments on Table 3 . We see that both g and h − g increase with the number of the region. The increase in g shows a very slight convexity whereas the increase in h − g shows some concavity. Let us for a moment think of Table 3 as mimicking a situation where initially R(1) is populated by early moderns and R(2), R(3), . . . , R(100) originally populated by Neandertals and that migration goes in Europe from east to west. Let us also assume that possible lower fertility between admixtures between Neandertals an early moderns does not change the essential feature that transition time increases with the number of the region. Then Table 3 suggests that the length of the time period of coexistence between Neandertals and early moderns in Europe increases as we move further to the west in Europe. This is consistent with the results in [3] and [11] .
Remark 5.2. If we change the transition matrix M (r) to the matrix (1 + δ)M (r), where δ is some small positive number, we get a population increase by the factor (1+δ) in each generation. This is uniform over all the regions. And it does not affect Tables 1, 2 and 3.
Some concluding remarks
There are many ways to extend the theoretical study in sections 1 through 5 above. One is to study more complicated migration patterns that just migration r from R(m) to R(m + 1) (one-sided migration).
A natural generalization can be to have also some migration q from R(m) to R(m − 1) (two-sided migration). Some numerical experiments indicate that the one-sided migration with r = 0.1 has big similarities with two-sided migration where r−q = 0.1. In the last case migration goes "on average" from R(m) to R(m + 1).
Another generalization can be not to consider most of the regions reproductively neutral. Some numerical experiments indicate that spreading out a reproductive deficit over several regions will somewhat increase the transition times, but not essentially change the big picture.
A deeper understanding of the genetic mechanisms behind lower (male) fertility among hybrids of closely related species would, of course, be important, in order to include such considerations in a study of population genetics.
